An exponential deformation of 1D critical Hamiltonians gives rise to ground states whose entanglement entropy satisfies a volume-law. This effect is exemplified in the XX and Heisenberg models. In the XX case we characterize the crossover between the critical and the maximally entangled ground state in terms of the entanglement entropy and the entanglement spectrum.
I. INTRODUCTION
The ground states (GS) of local quantum lattice Hamiltonians usually satisfy an area-law according to which the entanglement entropy S A of a block A of the system is proportional to the size of its boundary [1, 2] . In one spatial dimensions the area-law means that S A is bounded by a constant independent on the size of A. This statement was proved by Hasting in 2007, assuming that the Hamiltonian has finite range (locality), with finite interaction strengths and a gap in the spectrum [3] . Violations of the area law in 1D should therefore come from sufficiently non local Hamiltonians, divergent interaction strengths or gapless systems. The latter category is the most studied one, and it includes translational invariant critical systems, which are described by conformal field theory (CFT), for which the gap decays with the system size L as 1/L. In this case a logarithmic violation of the area law takes place, with a coefficient proportional to the central charge of the underlying CFT [4] [5] [6] . The area law is nevertheless restored by a massive perturbation leading to an entanglement entropy proportional to the logarithm of the correlation length in the scaling regime [6] .
In this work we investigate a much stronger violation of the area-law. We deform 1D critical Hamiltonians with open boundary conditions (OBC) choosing couplings that decay exponentially outwards of both sides of the center of the chain [7] . This decrease of the couplings yields a vanishing gap in the thermodynamic limit, which allows for a violation of the area-law, that turns into a volume-law. If the decay of the couplings is very fast, one can use the Dasgupta-Ma renormalization group that has been applied successfully to strong disordered systems [8] . The resulting GS turns out to be a valence bond state formed by bonds joining the sites located symmetrically with respect to the center. This state was termed concentric singlet phase by Vitagliano et al [7] , and has a rainbow like structure as illustrated in Fig.1 .
The role of coupling inhomogeneity in 1D quantum many-body physics has been addressed from many different points of view. Quenched disorder in the couplings gives rise to GS's which, when averaged, resemble quantum critical states [9] [10] [11] [12] [13] . If the couplings change smoothly enough, they can be regarded as a position-dependent speed of propagation for the excitations, or a local gravitational potential [14] . Thus, a slow decrease of the couplings to zero can be regarded as a horizon [15] . Smoothed boundary conditions, in which the couplings fall to zero in the borders, have been used to reduce the finite-size effects when measuring bulk properties of the GS [16] . The opposite case, in which the couplings increase exponentially or hyperbolically have been also studied in the literature [17] [18] [19] . Other possible violations of the area-law have been recently investigated in reference [20] by means of long-range couplings with a magnetic phase and a Fermi surface with a point of accumulation.
The aim of this work is to study the behavior of entanglement in exponentially deformed critical 1D models: XX and Heisenberg. Concretely, we will focus on the transition from the conformal to the volume-law.
This article is organized as follows. In section II we define the deformed XX model in the free fermion formulation, apply the Dasgupta-Ma RG method to construct the ground state for a strong deformation and obtain the exact solution for all the deformation strengths. In section, III we compute the entanglement entropy and analyze its scaling properties, inspired by CFT, and the transition between the conformal to the rainbow state. In section IV, we analyze the deformed Heisenberg model obtaining similar results. Finally, in section V we present the conclusions and points to further work.
II. THE MODEL
Let us consider a chain with 2L sites labelled by integers i = ±1, . . . , ±L. The Hamiltonian of the model is given by
where c i and c † i are annihilation and creation operators of spinless fermions, and J i are the hopping amplitudes parametrized as (see Fig. 1 )
Via a Jordan-Wigner transformation, the Hamiltonian (1) is equivalent to the XX model for a spin 1/2 chain. For α = 1, one recovers the well known uniform spinless fermion model with OBC. The model with 0 < α < 1 was introduced by Vitagliano et al. to illustrate a violation of the area-law for a local Hamiltonian [7] . Taking α > 1 and truncating the chain to the sites i = 1, . . . , L, one obtains the Hamiltonian considered by Okunishi and Nishino that has the scale free property of the Wilson's numerical renormalization group of the Kondo impurity problem [17] . The models where J i is a hyperbolic function have been considered in order to measure the energy gap [19] . The ground state of H L can be studied by means of two different methods: Dasgupta-Ma RG and exact diagonalization. The former one provides a valence bond picture of the GS in the limit α → 0 + , that explains in simple terms the volume-law. On the other hand, the second method is applicable to all values of α and in particular to the limit α → 1 − , where one recovers the uniform model, with a log-law described by CFT. We shall show that the two limits are connected continuously that is, with no phase transitions between them. This fact offers the possibility of studying the crossover between the log-law and the volume-law of the entanglement entropies that exhibits interesting features.
1.-Renormalization Group. In the Dasgupta-Ma RG method one selects the strongest link between two nearest neighbor sites and places a bonding state between them [8] .
The two sites are then removed from the chain, and an effective coupling is established between the two sites which border the newly created bond. The hopping amplitude for this effective link is found using second order perturbation theory:
In the framework of tensor networks, this renormalization step can be seen as a disentangler operation between the sites contained in the bond [21] . In our case, that is α < 1, the strongest link is the central one. A bond is thus established on top of link J 0 , between sites −1 and +1, and an effective hopping is established between sites −2 and +2, with strength
This newly created link is again the strongest one, since α 2 > α 3 , so we establish a new bond between sites −2 and +2 (figure 1, blue bond), and renormalize the coupling between sites −3 and +3 as α 4 . The procedure repeats itself, until the 2L sites are linked by L valence bond states, whose shape looks like a rainbow. It is easy to see that after the first RG state one can factor out an overall constant α 2 in the couplings J i , such that the renormalized Hamiltonian becomes α 2 H L−1 + cte. This fact implies that the rainbow state is a trivial fixed point of the RG with zero correlation length between nearest neighbor sites, except the sites i = ±1. In summary, the rainbow state can be written as the valence bond state: where |Ψ −k,+k , given in eq. (3), is a single bond, a Bell pair between sites −k and +k. In that state, the reduced density matrix ρ B of any block B has a very characteristic spectrum {λ p } [10] : if n B is the number of bonds joining B with the rest of the system, the eigenvalue 2 −nB appears with multiplicity 2 nB . Thus, the von Neumann entropy can be easily computed: (2), i.e.: the number of broken Bell pairs multiplied by log(2). Moreover, all Rényi entropies take the same value. Within the RG approximation, the entanglement properties of the GS are independent of α. The validity of the renormalization scheme improves when the renormalized link is much stronger than the surrounding ones, that is α ≪ 1. Thus, one can assert that the rainbow state becomes the exact GS of the H L Hamiltonian in the limit α → 0 + . Let B be the block containing half of the chain, so n B = L. Its entanglement entropy is straightforward to compute: L · log(2), i.e.: the state is maximally entangled and fulfills a volume-law. The energy gap can be estimated as the effective energy of the last bond established, which scales as α 2L and for α < 1 vanishes in the limit L → ∞, in agreement with the Hastings theorem. For later purposes we shall define the following quantity
in terms of which α 2L = e −2z . We shall see below that z plays the role of a scaling parameter in the limit L ≫ 1 and α ≈ 1. 2.-Exact Diagonalization. The Hamiltonian (1) is quadratic in the fermionic operators. Therefore its spectrum can be obtained by diagonalizing the corresponding 2L×2L hopping matrix
One can easily verify that if φ i is an eigenfunction with energy E, then (−1)
i sign(i)φ i is another eigenfunction with energy −E. Thus the GS of the chain is obtained by filling the lowest energy levels with L fermions (half-filling). The eigenmodes, φ
We shall choose the label of the eigenfunctions as k = 0, ±1, . . . , ±(L − 1), −L, such that the particle-hole symmetry becomes E k = −E −k−1 and E k < E k+1 . In the uniform case, i.e. α = 1, one + 1)) ]. The GS of the chain is given by
We have not found close analytic expressions for the eigenvalues and eigenfunctions when α = 1, but some general properties can be obtained numerically. In particular, the spectrum E k (L, α) satisfy the scaling law
that is illustrated in Fig. 2a . The dispersion relation e z changes smoothly from the sine function, for z ≪ 1 to an almost flat function near the origin for z ≫ 1. At half-filling the relevant modes lie in the neighbor of Fermi point where the dispersion relation linearizes,
with a Fermi velocity v F (z) (see Fig. 2b ).
III. ENTANGLEMENT ENTROPY
The entanglement properties are found from eq.(8) [22] . Let B be a block of size ℓ, and let i, j ∈ B. Then the two point-correlator of the fermion operators c i is given by
Let {ν p } ℓ p=1 be its eigenvalues, then the reduced density matrix of the block can be written as ρ B = ⊗ ℓ p=1 ρ p , where 
The set {ν p } allows for a full computation of the entanglement spectrum, i.e., the spectrum of the reduced density matrix ρ B , which provides the most complete information about entanglement [23] , and can help characterize quantum phase transitions. We should remark that the numerical computation of the eigenstates of matrix T ij is an ill-conditioned problem if z is large. Working at double precision the upper bound for z can be estimated as e −2zmax ∼ 10 −16 , that is z max ∼ 18, but we shall be usually working below this value.
Let S ℓ (α) denote the von Neumann entropy of the block containing the leftmost ℓ sites in GS. Figure 3a shows its dependence with ℓ for different values of α in a system with L = 16, i.e.: with 32 sites. For low values of α we observe a characteristic tent shape, i.e., an approximately linear growth up to ℓ = L followed by a symmetric linear decrease, giving the volumetric behavior. As α grows, the slope decreases and ripples start to appear. These numerical data can be fitted to a formula that contains linear, oscillating and logarithmic functions of ℓ with coefficients that depend in a non trivial manner in α and L.
To simplify the analysis of the functional dependence of the entropy on these parameters we shall consider the von Neumann entropy of the half-chain, S L (α). Fig. 4a shows the values of S L for L = 50, . . . , 100 and fixed values of z = 0, . . . , 2 (note that α is tuned with L in order to keep z constant). Quite remarkably the half-chain entropy can be fitted to the expression
where the functions c(z), d(z), f (z) are shown in Fig.4b-4d respectively, together with the corresponding fits. The Luttinger parameter K in eq. (14) is taken equal to 1 that gives the best fit to the numerical data. Equation (14) is motivated by the standard CFT formulas that are recovered in the case z = 0 that corresponds to a CFT with central charge c = 1 and Luttinger parameter K = 1 [5, 6, [24] [25] [26] .
Indeed, in the limit z → 0, we obtain c(z) → 0.995. As z increases, the function c(z), decreases. This result reminds the Zamolodchikov c−theorem according to which a certain function C of the coupling constants of a relativistic 1+1 quantum field theory, never increases along the RG flow, and equals the central charge of the CFT at the fixed points [27, 28] . In our case there is a fixed point at z = 0, that corresponds to a free fermion with OBC which has c = 1. One should expect that along the RG flow the value of z increases while c(z) decreases approaching zero in the limit z → ∞, where one finds the rainbow state which is a trivial fixed point of the RG.
Let us next discuss the term d(z) in eq. (14) . In a CFT on a strip of length 2L, the entanglement entropy of the half line is given by S L = c/6 log(2L/π) + c [24] [25] [26] , where g is the boundary entropy of Affleck and Ludwig [29] . We may then interpret d(z) as a z dependent boundary entropy g(z), up to some non universal constants. Similarly to the c-theorem, the g−theorem asserts that the g function decreases under the RG flow of the boundary, so long as the bulk theory remains critical during the boundary flow [30, 31] . However, there are no reasons for this behavior if the bulk theory also flows with the RG [32] . This is the situation found here, where d(z) increases with z, as shown in Fig.4c . The linear increase of d(z), for large values of z, can be understood from the Dasgupta-Ma RG that is valid in the region α ≪ 1.
The last term in eq. (14) describes the oscillations of S L that are clearly visible in Fig.4a for z ≤ 1. This behavior is due to the function f (z) that vanishes for z ≃ 2 as shown in Fig.4d .
We can use eq.(14) to study the limit L ≫ 1 with α kept constant, that implies z ≫ 1. From Figs.4b,c,d one finds
This result is valid for α not too small since we know that for α = 0, the entropy is given by S L = L log 2.
IV. ENTANGLEMENT SPECTRUM
In order to provide a thorough characterization of the entanglement of the half-chain we have analysed its entanglement spectrum (ES) [23] . The reduced density matrix for a block can always be written as ρ B ≡ exp(−H E ), where H E is called the entanglement Hamiltonian. In the case where the state is a Slater determinant, such as |R L (α) , H E can be expressed as a free-fermion Hamiltonian:
where ǫ p are the entanglement energies that can be computed from the eigenvalues ν p = b † p b p of the correlation matrix C B ij as
The overall constant f 0 is given by
Let us consider our block to be the half-chain. In the limit α → 0 + , we obtain the rainbow state, which is maximally entangled, and the ES is straightforward to describe. Each site makes up a bond with another site out of the block. Thus, each broken bond provides an entanglement mode, b † p , localized at site p, with occupation probability ν p = 1/2. Applying expression (17), we can see that the entanglement energies are all ǫ p = 0. In other terms: the entanglement Hamiltonian H E = f 0 = L log 2 gives the entanglement entropy S L = L log 2. Fig.5 shows the ES for a chain with L = 40 and L = 41, for different values of α. Note that for L odd there is a zero energy. In agreement with the previous discussion for small α ′ s the values of ǫ p are located around zero. However, as α increases the EE's increases almost nearly in the proximity of the zero energy following the law 
when L is even and as
for L odd. The EE's given by (19) corresponds to the ones where ν p ≃ 1/2 which therefore contribute the most to the entanglement entropy S L . In fact, making the approximation
This equation is rather interesting since it relates S L to the inverse of the entanglement spacing ∆ L and explains previous results appeared in the literature. First of all, in the critical case, that is z = 0, where [33] [34] [35] [36] . This result has wider implications that leads to the understanding of the ES as the energy spectrum of a boundary CFT on a strip of effective width ∝ log L [37] . The computation done in eq. (20) is similar to the one of reference [6] , for the non critical Ising and XXZ models, that leads to the equation S L = c 6 log ξ. ξ is the correlation length that is proportional to the inverse of the level spacing of the spectrum of the corner transfer matrix Hamiltonian on these models.
The dependence of the entanglement spacing ∆ L on the system size L has a different behavior for α = 1 and α < 1. Fig.6 shows some ∆ L curves, for different values of α, in scale log L. As soon as α < 1, and large enough L we obtain a trend towards a power-law decay, which, for large L, converges to ∆ L ≈ 1/L. Combining this with (20) , yields the volume-law for the entanglement entropy:
Based on eqs. (14) and (20) we are led to the following ansatz for the entanglement spacing
where the functions c(z i=1 h i,i+1 , whose exponential deformation is given by
where J i (α) are defined in eq.(2). We shall next consider the exponential deformation of the Heisenberg Hamiltonian defined by h i,i+1 = S i · S i+1 , where S i are the spin 1/2 matrices. The deformed Hamiltonian easily follows from eq. (22) . The Dasgupta-Ma RG equation for the couplings is given by [10] 
which differs from eq.(4) by a factor of 2 in the denominator. In the limit α → 0, one obtains again the rainbow state made of valence bonds across the middle of the chain. The numerical study of the uniform to rainbow transition is more involved than in the free fermionic case, because the GS can not be obtained via single-body procedures. For very small system sizes, we have used exact diagonalization of the many-body Hamiltonian, while for larger sizes we have employed the density matrix renormalization group (DMRG). The problem with the latter is that we cannot reach very low values of α, since the entanglement entropy S L grows linearly with the system size, and the number of retained states grows exponentially with S L . Fig. 9 summarizes our results. Panel a) shows the exact von Neumann entropy as a function of the block size S ℓ (α) for L = 6 (12 sites). Notice the black dotted line, which marks the Dasgupta-Ma RG limit. The panel b) shows the same function for a system with L = 16 (32 sites), but where α varies in the range [0.7, 1]. In both cases we can see the development of the tent shape which is the hallmark of the volume-law. 
V. CONCLUSIONS
We have analysed a deformation of critical local 1D Hamiltonians which interpolates between a log-law and a volume-law for the entanglement entropy. The couplings between neighboring sites decay exponentially, with a factor α 2 , as we move away from the middle point. The value α = 1 corresponds to the uniform model, described by CFT, and in the α → 0 + limit the ground state becomes a rainbow state, in which sites symmetrically placed with respect to the center are maximally entangled. There is a smooth crossover between the uniform and the rainbow states that we have studied in detail for the XX model (free spinless fermions model), and shown to be qualitatively equivalent in the Heisenberg model. In the XX model, the von Neumann entropy of any block, at not too small values of α, can be approximated by a combination of the CFT law plus a volume-law. We have also found a scaling variable z that depends on the size of the chain and the magnitude of the deformation α in terms of which the half-chain entanglement entropy is a renormalized version of the CFT formulas, with coefficients depending on z. We have discussed this result in connection with the c and g theorems.
The analysis of the entanglement spectrum (ES) shows very interesting connections between the conformal growth, S ∼ log L and the volumetric growth S ∼ L. Indeed, the spectrum is approximately equally spaced, with an entanglement spacing ∆ L which decays with the system size as 1/ log L at the conformal point and as 1/L for α < 1. We have also found that the entanglement entropy is approximately proportional to the inverse of the entanglement spacing, in wide regions of the parameter space, which generalizes previous known results in critical and massive systems.
In summary, we have shown that an exponential deformation of the XX and Heisenberg models offers the possibility to analyze the departure from the log-law of the entanglement entropy in CFT towards a volume-law that is related to the valence bond picture of these models. It would be worth to study other critical models to verify the generality of these results, as well as non critical models that will exhibit a crossover from the area to the volume-law. Finally, it will be very interesting to construct the field theory underlying the exponential perturbation of CFT's that will give an explanation of the scaling behavior obtained numerically in this work [38] . 
